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Abstract 
Hamidoune, Y.O., On a subgroup contained in some words with a bounded length, Discrete 
Mathematics 103 (1992) 171-176. 
Let G be a group and let A and B be two finite nonvoid subsets of G such that 1$ B. Using 
results of Kemperman, we show that either IA U B U ABl b IAl + IBI or there exists a nonnull 
subgroup contained in A U B U Al?. As an application we obtain the following result: Let 
A,, 4, . . , A, be subsets of a finite group G such that 1 $ A,; 2 c i s k and IA,1 + IA,1 + 
. . + jAkl 3 ICI. The union of sets of the form A,,A,, . . . Aij; 1 s i, <i, <. . . <ii s k must 
include a nonnull subgroup. 
In particular if B is a subset of G\l such that k IBI 2 ICI, the set B U /3* U. . . U B* must 
contain a nonnull subgroup. 
1. Introduction 
The smallest integer not less than a real x will be denoted by ]x]. Let G be a 
group and let A, B be subsets of G. We write AB = {xy: X EA and y E B}. We 
use the additive notation only for abelian groups. The subgroup generated by A 
will be denoted by (A). 
Theorem 1.1 (Kemperman [7, Theorem 51). Let G be a group and A, B two finite 
subsets of G. Let a E A and b E B. Then there exists a subgroup H such that 
aHb CAB and lAB[ 5 IAl + IBI - IHI. 
Theorem 1.2 (Kemperman [7, Theorem 31). Let G be a group and A, B two finite 
subsets of G such that 1 EA n B and 1 $ (A\l)B. Then lABI 3 IAJ + IBI - 1. 
An other proof for this result is given by Olson [9, Theorem 41. 
In this paper we apply the above two theorems in order to prove the following 
result: Let G be a group and A, B two finite nonvoid subsets of G such that 1 $ B. 
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Then either (A U B U ABI 3 IAl + IBI or there exists a nonnull subgroup H such 
thatHcAUBUAB. 
As an application we obtain the following result: Let AI, AZ, . . . , Ak be 
subsets of a finite group G such that 1 $ Ai; 2 < i s k and IAll + lAzl + * . . + 
lAkl 5 IGI. The union of sets of the form A,,A,, . . . Aq 1 s i2 < i, < - - . <ii s k 
must include a nonnull subgroup. 
In particular if B is a subset of G\l such that k IB I 3 ICI, the set B U B* U 
. . - U Bk must contain a nonnull subgroup. 
The above result generalizes a theorem of Diderrich, who obtained the same 
conclusion in the case IAll = [A*( = * * * = lAkl = 1, cf. [2, Theorem 31. 
The following result is due to Kneser, cf. also [B]. 
Theorem 1.3 (Kneser [4]). Let G be an abelian group and A and B two finite 
nonvoid subsets of G. There exists a subgroup H of G, such that A + H + B = 
A+BandIA+BI?=IA+HI+lB+Hl-IHI. 
Kneser’s Theorem is an important Addition Theorem. It is applied in [5] to the 
geometry of numbers and to Haar measures in [6]. 
The following generalization of Kneser’s Theorem 1.3 is due to Diderrich. 
Theorem 1.4 (Diderrich [2, Theorem 11). Let G be a group and A and B two 
finite nonvoid subsets of G such the elements of B commute. There exists an 
abefian subgroup H of G such that AHB =AB and (ABI 2 IAHI + IBHl - [HI. 
We shall give a short proof of Theorem 4 based on Theorem 1.3. 
Theorem 1.5 (Olson [9, Theorem 11). Let G be a group and A and B two finite 
nonvoid subsets of G such that 1 E B. Then either AB = ABB or lABI 2 IA I + 
84. 
We need Olson’s Theorem only for abelian groups. In this case, Olson 
mentioned in [9] that Theorem 1.5 is an easy corollary of Kneser’s Theorem 3. It 
follows that Theorem 1.3 and Theorem 1.4 are essentially the same. Diderrich 
conjectured in [2] the validity of Theorem 4 when the elements of B do not 
commute. But Olson found a counterexample to this conjecture in [6]. 
2. A subgroup contained in short words 
Using Kemperman’s Theorems 1.3 and 1.4, we shall obtain the following 
result. 
Proposition 2.1. Let G be a group of order 32 and A, B two finite nonvoid 
subsets of G such that 1 $ B. Then either IA U B U A B I 2 IA ( + I B I or there exists a 
nonnull subgroup H such that H c A U B U AB. 
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Proof. Let A’ =A U (1) and let B’ = B U (1). We clearly have 
A’B’=AUBUABU{l} and ]B’l=IBI+l. 
Case 1: 1 EAB. 
(1) 
By Kemperman’s Theorem 1.1, applied to A’ and B’ with a = b = 1 there exists 
a subgroup H such that JA’B’I 3 IA’1 + JB’I - IHI and HcA’B’. By (l), 
HcA’B’=AUBUAB. Wemay thenassume H=(l). Itfollows that 
IA u B uABI = IA’B’I 2 IA’1 + IB’I - 12 IAl + (BI. 
Case 2: 1 $AB. 
In this case we have 1 EA’B’ and 1 $A’B = B UAB. By Kemperman’s 
Theorem 2, applied to A’ and B’, IA’B’I slA’( + IB’I - 1. By (l), we have 
IA U B UAB U {l}l> IA’1 + IB(. By considering the 2 cases 1 EA and 1 $A, we 
seethat JAUBUABl*IAl+IBI. 0 
Proposition 2.2. Let G be a finite group and S, a nonvoid subset 
s 2,. . . , Sk be nonvoid subsets of G\{ l} such that CIGiGk ISi1 2 n, then 
of G. Let 
U 
lSi,<i*...<i,Sk 
Si,Si2 ’ * * Sj, 
contains a nonnull subgroup of G. 
Proof. Suppose that Ul<i,<iz<. .<i,+ Si,Siz - * * Si, contains no nonnull subgroup. 
Using the obvious equality 
U 
lsiI<...<i,<k 
si,si, * . . s, = u 
lsi,<...<i,<k-1 
Si,Sj, . ’ ’ Si, U S, 
U U SK, 
Isi,<-..<i,sk-1 > 
and Proposition 2.1, we have for k 3 2, 
U 
lsi,<...<i,sk 
U 
lsi,<...<i,sk-1 
. si, + IskI. 
Using the above relation, we obtain 
U 
IGl<iz<...<i,<k 
si,si, * * ’ sj, 6 I&l~lGl, 
a contradiction. 0 
Corollary 2.3 (Diderrich [2, Theorem 31). Let G be a finite group of order v z 2 
and let aI, a2, . . . , a, be a sequence of elements of G\(l). The set of products 
ui*ui* . . . a,,, 1 < iI <i, < . . . < i, =S v must include a nontrivial subgroup of G. 
Proof. We apply Proposition 2.2 with Si = {a,}, 1 c i =s v. q 
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Corollary 2.4. Let G be a finite group of order n 3 2 and let S be a subset of 
G\{ l} with cardinal@ s. Then there exists a nonnull subgroup H such that 
HcSUS2U-. - U Sk, where k = [n/s]. 
Proof. Take S, = .!$ = * * - = Sk = S. We clearly have 
U 
lsil<iz<...<i,<k 
Si,Si, - * mSi,=SUS2U***USk. 
The result now follows by Proposition 2.2. 0 
As far as we are aware, the conclusion 1 E S U S2 U . - - U Sk, for k 3 [n/s1 , was 
proved for the first time for cyclic groups by Shepherdson [ll, Corollary 11. But 
his proof works for all abelian groups. The same result for non-abelian groups 
was first stated in [3, Theorem 5.21. 
Example. Let G = Z,, and let S = { 1, 2, . . . , s}. We have clearly 0 $ S U 2s U 
. . . U kS, for any k < [n/s]. This example shows that the above results are best 
possible. 
The problem considered here has some analogy with the covering questions 
considered in [l, p. 131. 
3. On Kneser’s Addition Theorem 
In this section we use Olson’s Theorem 5 to show that Diderrich’s Theorem 4 is 
equivalent to Kneser’s Theorem 3. 
A short proof of Theorem 4. The validity of Theorem 4 for Ba implies its validity 
for B. We may then assume without loss of generality that 1 E B. 
Let {Xi: 1 d i 6 k} be a family of distinct representatives of the left cosets 
modulo (B) intersecting A. Take Ai = A U Xi (B), 1 s i s k. 
We clearly have 
AiB cAi(B) =-Xi(B), (1) 
Therefore, 
AiBnAjB=O, for i#j, lai, jsk. 
Case 1: There are r, s, 1 s r <s d k, A,B #A,BB and A,BB #A,B. 
By (1) we have 
x,:*Ajc (B), j=r,s. 
By Olson’s Theorem 4, applied to the abelian group (B), we have 
J(x,“Aj)B 3 IX,“Ajl + 4 IBI, j = r, S. 
(2) 
(3) 
On a subgroup contained in some words 175 
It follows that 
JAjBJEIAjl +t IBl, j=r, S. 
It follows using (2) and (4), that 
lABI = IUAiBla C IAil + Wrl + lAsl+ IBI = IAI + IBI* 
i#r,s 
By (5), we can take H = (1). 
(4) 
(5) 
Case 2: There exists r, 1 G r s k, A,BB = A,B, for all s # r. 
We choose r = 1. It follows that x;‘A, c (B ) . By Theorem 3, applied to (B ) , 
there exists a subgroup H (abelian of course) of (B) such that 
x;‘AIHB =x;‘AIB and Ix;~A~BI 2 Ix;‘All + IBI - IHI. 
Hence 
AIHB = All3 and lAIBl a JAIHI + IBHl - IHI. (6) 
We shall prove that 
A,HB = A,B, i # 1. (7) 
Take i, 1 # i. By iterating the relation AiB = AiBB, we see that AiBn = AiB, 
for all II. It follows that A,(B) cA~B. Hence AiHBcAi(B)B=Ai(B) cA~B. 
The other inclusion is obvious. 
Now we have using (6) and (7) 
AHB = UAiHB = UAiB =AB. 
Also we have using (2), (6) and (7), 
lABI = JUAiBl = C IAiBl + lAlBl> C JA,HBI + IAlHl + 
i#l i#l 
3 c )AjHJ + JAIHJ + IBHI - IHI a IAHl + 
if1 
(8) 
WI - IHI 
PHI - IHI. 
(9) 
Equations (8) and (9) imply Theorem 1.4. 0 
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